VOLUME PRESERVING CURVATURE FLOWS IN 
LORENTZIAN MANIFOLDS 
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Abstract. Let Af be a (n+l)-dimensional globally hyperbolic Lorentzian 
manifold with a compact Cauchy hypersurface cSo and F a curvature 
function, either the mean curvature H, the root of the second symmetric 
polynomial (72 = \/ H2 or a curvature function of class {K*). We consider 
curvature flows with curvature function F and a volume preserving term 
and prove long time existence of the flow and exponential convergence of 
the corresponding graphs in the C°°-topology to a hypersurface of con- 
stant F-curvature, provided there are barriers. Furthermore we examine 
stability properties and foliations of constant i^-curvature hypersurfaces. 
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1. Introduction 

We show the long time existence and convergence to a constant i^-hypersurface 
of the following curvature flow in a globally hyperbolic Lorentzian manifold with 
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compact Cauchy hypersurface under suitable assumptions: 

i ($(i^) - /) 1., 
(11) \ \ J JJ ^ 

where xo is the embedding of an initial, compact, connected, spacelike hyper- 
surface Mq of class 2<m€N, 0<a<l,:/is the corresponding past 
directed normal, F is a curvature function of class C""'"(r) evaluated at the 
principal curvatures of the flow hypersurfaces M{t), x{t) denotes the embed- 
ding of M{t), $ is a smooth supplementary function satisfying $' > 0, $" < 0, 
and / is a volume preserving global term, f — fk, see the definition below. 

Furthermore the initial hypersurface should be admissible, meaning that its 
principal curvatures belong to the defining cone T of the curvature function F, 
which will be specified below. 

Depending on which type of volume has to be preserved, we define the global 
term as in [22j : 

(1.2) Mt) = ^^'^ ^ ' 



Here Hk, k — 0, n, denotes the k-th elementary symmetric polynomial, where 
Hq = 1. For an overview of the notation (especially concerning the curvature 
functions) we refer to section 2. 

We assume that the ambient space is a (n-|- l)-dimensional smooth, con- 
nected, globally hyperbolic Lorentzian manifold with a compact, smooth, con- 
nected Cauchy hypersurface Sq , and TV is covered by a future directed Gaussian 
coordinate system {x"), such that the metric {ga/s) can be expressed in the form 

(1.3) = e^^^'''''''^{^{dx°f + a^j{x°,x)dx'dx^, 

where x'^ is the time function defined on an interval / = (a, 6), we suppose 
without loss of generality G I and (a;*) are local coordinates for the Cauchy 
hypersurface Sq- The coordinates can be chosen such that 

(1.4) 5o = {xO = 0}. 

The existence of a smooth, proper function / : iV — > R with non-vanishing 
timelike gradient in a merely connected, smooth Lorentzian manifold N al- 
ready assures the existence of such a special coordinate system, see |141 The- 
orem 1.4.2], implying that N is globally hyperbolic with a compact Cauchy 
hypersurface. Alternatively one can deduce the existence of the special coordi- 
nate system in smooth, globally hyperbolic Lorentzian manifolds with compact 
Cauchy hypersurface from [ij Theorem 1.1] and [3J Lemma 2.2]. 

We need one further assumption on the ambient manifold, namely we con- 
sider curvature flows in cosmological spacetimes, a terminology due to Bartnik, 
meaning a Lorentzian manifold with the above properties, which furthermore 
satisfies the timelike convergence condition, an assumption which is quite nat- 
ural in the setting of general relativity as it corresponds to the strong energy 
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condition (see for example [E]). Hence for all p E N there holds 

(1.5) RapV"V'^>0 V timelike e TpiV. 

We only mention that for the proof of Theorem ll.3l (with F — H) this condition 
could be relaxed to the case where the lower bound is —A with a constant A > 0, 
where in this case one needs to assume that there holds H > \/nA on the initial 
hypersurface. 

In the case of general curvature functions however we will need to assume 
that the timelike sectional curvatures of N are non-positive, i.e. at points 
p E N there holds 

(1.6) RapjsV'^W'^V^W^ > V timelike V e TpN, V spacelike W € TpN. 

The possible curvature functions are F = H,F = a2 0rFQ {K*}. For 
these we have to distinguish their cones of definition T and the supplementary 
function $: 

• Let = and fc = 0, then let $(a;) = x and T = M". For A: = 1 let 
F = Fi and $ e C™^"(IR+) be an arbitrary function satisfying merely 
<&' > and $" < 0. For example, one could consider the surface-area 
preserving inverse mean curvature flow, $(x) — —x^^. For higher 
k the flow is not well defined, since convexity does not need to be 
preserved during the flow. 

• For F = (72 = let F = F2 and $(2;) — x or <I>(x) = —x~^. Again, 
the flow is only well defined for k G {0,1,2} for the same reasons as 
above. 

• Lastly, let F G {K*) be a homogeneous function of degree 1 and of 
class C™'"(F+), then for fc G {0, . . . , n} we choose $(a;) = log(a;) and 
F = F+. 

We denote by {F, F, $) one of the possible choices of curvature functions and 
their respective cones of definitions as well as supplementary functions stated 
above. 

In order to be able to derive C"-estimates we have to add an additional 
assumption, first we provide the necessary definition: 

Definition 1.1. Let _F be a continuous curvature function defined on an open, 
convex, symmetric cone F C M". Then we define (here we distinguish the cases 
considering the future or the past by brackets): 

Let c be a constant, then we say we have a future (past) curvature barrier 
for (F,F,c) of class C'"-'^, where fc e M, A: > 2, < ^ < 1, if there exists a 
compact, connected, spacelike and admissible hypersurface M of class C'''^ , 
satisfying 

(1.7) f|A/>(<)c. 
With the definition 

(1.8) ci = mini^ and C2 = maxi^. 

Mo Mo 

we can state the following assumption: 
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Assumption 1.2. We have a future curvature barrier for {F, T, 02) of class 
and a past curvature barrier for {F,T,ci) of class C^. If in the case F = H, 
r = R", for J = 1 or i = 2 there holds Ci = 0, then we assume the corresponding 
barrier to be strict. 

If the curvature function is not the mean curvature, we assume the existence 
of a strictly convex function xn G C'^{Ct), where 17 C is the region between 
the barriers. For geometric conditions implying the existence of such a function 
see Lemma [221 

Now we state the theorem: 

Theorem 1.3. Let N, Afo and (F, F, $) be as above, m > 2, < a < 1, 
and suppose there holds assumvtion \1.2i Then the flow p.ip with f = fk has 
a unique solution existing for all times < t < 00, such that for fixed time 
Mt £ (j"i+2,a A//s considered as graphs u{t, •) converge exponentially 

inC™"^"^ to a compact, connected, spacelike hypersurface of class C™^'^'" , which 
is a stable solution of the equation 



If Mq and F are smooth, then the convergence of the graphs is exponential 
in the C°° -topology. 

For k — the enclosed volume, for k = 1 the volume of the hypersurfaces 
and if the ambient space has constant curvature Km = 0, then for 1 < k < n 
the mixed volume Vn+i-k is preserved. 

Finally, we want to name some of the works about volume preserving cur- 
vature flows in different ambient manifolds and discuss shortly the results ob- 
tained in this work. 

Volume preserving curvature flows have been considered for various curva- 
ture functions in different settings. Roughly speaking, if one assumes a certain 
convexity assumption or pinching condition on the initial hypersurface and 
shows that this condition is preserved during the flow, then after proving a 
priori estimates the existence of the flow for all times t e [0, 00) and the expo- 
nential convergence in the C°°-topology of the flow to a sphere or a geodesic 
sphere can be deduced. 

In the case the ambient manifold is R"+^, volume preserving mean curvature 
flows have been previously considered by Gage for n = 1 in ^llj and by Huisken 
for n > 2 in [17]. McCoy considered mixed volume preserving mean curvature 
flows in in [21] and later on extended the results to very general curvature 
functions in |22| . 

Recently Cabezas-Rivas and Miquel proved similar results for a volume pre- 
serving mean curvature flow in the hyperbolic space under the assumption of 
horosphere-convexity of the initial hypersurface, see [5]. Cabezas-Rivas and 
Sinestrari then considered the volume- preserving flow by powers of the ele- 
mentary symmetric polynomials in the euclidean setting in [6] by assuming a 
pinching condition on the principal curvatures of the initial hypersurface. 




Hm $ ^ 



(A). 
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However, to our knowledge the only result concerning volume preserving 
curvature flows in Lorentzian manifolds can be found in the paper |9] by Ecker 
and Huisken, where the volume preserving mean curvature flow has been con- 
sidered. The method in the Lorentzian case differs substantially from the eu- 
clidean case. Neither convexity nor the pinching condition on the principal 
curvatures is preserved, but assuming (|1.5p in the case oi F — H and (|1.6p in 
the case of a general curvature function respectively, investigating the evolution 
equation for the curvature function one can see that the upper and lower bound 
of the curvature function is preserved during the flow, which is also valid if an 
arbitrary, but bounded global term is considered. This result is the crucial part 
that enables one to prove C°-estimates under the assumption of barriers. Now 
the and C^-a priori estimates can be deduced by the same methods used in 
the case of a time-independent force-term and do not rely on the special choice 
of the global term. The higher order estimates can not be deduced directly 
from the results of Krylov-Safonov in view of the global term (which is merely 
bounded at this moment), instead we use a method already employed in the pa- 
pers |22j and |6j . Then again the evolution equation for the curvature function 
is the starting point to conclude the exponential convergence to a hypersurface 
of constant i^-curvature. 

From the above remark about the dependence of the proofs on the global 
term / one can conclude, that, as far as long time existence is concerned, a far 
wider class of global terms can be considered than the ones used throughout 
the paper. In particular one can look as well at curvature flows that preserve 
volumes with different densities and obtain the same results stated above, as 
they neither disturb the boundedness of the curvature function nor the analysis 
carried out to achieve convergence. 

It is also possible to prove the foliation of a future end of N by CMC~ 
hypersurfaces by a similar method as in |14| by using the volume preserving 
curvature flow. However, since the proof is more complicated than the proof 
by using the mean curvature flow without a global term, we omit the proof of 
this result. Instead, we show in section 10 that a region enclosed by barriers 
for the F-curvature can be foliated by hypersurfaces of constant F-curvature. 
Furthermore we show that each CFC-surface in the interior of this region can be 
obtained as the limit hypersurface of a nontrivial curvature flow which preserves 
the volume respectively the area. 

Acknowledgement: This work is part of the doctoral dissertation of the 
author at the University of Heidelberg. The author wishes to thank Prof. Dr. 
C. Gerhardt for the introduction to the subject of geometric analysis and for 
the most important parts of his mathematical education in general. 
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2. Notation and Definitions 



The main objective of this section is to formulate the governing equations of 
a hypersurface in a Lorentzian (n + 1) -dimensional manifold N and to provide 
the definitions of the classes of curvature as well as some well-known properties 
of certain curvature functions which will be used throughout this paper. Note 
that the main differences of hypersurfaces in Lorentzian manifolds compared to 
hypersurfaces in Riemannian manifolds arise from the sign change in the Gaufi 
formula and hence the Gaufi equation. For more detailed definitions about cur- 
vature functions, we refer the reader to [14[ Chapter 2.1, 2.2] and for an account 
of the differential geometry to [131 Chapter 11, 12] and especially Chapter 12.5 
therein with respect to Gaussian coordinate systems and Lorentzian manifolds. 

Throughout this section TV will be assumed to be a (n -|- l)-dimensional 
Lorentzian manifold and, unless stated otherwise, the summation convention 
is used throughout the paper. 

We will denote geometric quantities in the ambient space N by greek indices 
with range from to n and usually with a bar on top of them, for example 
the metric and the Riemannian curvature tensor in the ambient space will be 
denoted by (gap) and {Rap-ys) respectively, etc., and geometric quantities of a 
spacelike hypersurface M by latin indices ranging from 1 to n, i.e. the induced 
metric and the Riemannian curvature tensor on M are denoted by {gij) and 
{Rijki) respectively. Generic coordinate systems in N and M will be denoted 
by {x") and (^*) respectively. Ordinary partial differentiation will be denoted 
by a comma whereas covariant differentiation will be indicated by indices or 
in case of possible ambiguity they will be preceded by a semicolon, i.e. for a 
function u in N, (ua) denotes the gradient and (uq/?) the Hessian, but e.g. the 
covariant derivative of the curvature tensor will be denoted by {Raii^S;e)- We 
also point out that (with obvious generalizations to other quantities) 

(2.1) Ral3-yS;i — RaP^S^e-^-i^ 

where x denotes the embedding of M in iV in local coordinates {x") and (^*). 
The induced metric of the hypersurface will be denoted by gij, i.e. 



the second fundamental form will be denoted by {hij) and the normal by v, 
which is a timelike vector, i.e. for p £ M there holds 



where Tp''(iV) denotes the k-times contravariant and 1-times covariant tensors 
and we note that the light cone Cp consists of two connected components, (7+ 
and Cp , which we call future directed and past directed respectively. 

The geometric quantities of the spacelike hypersurface M are connected 
through the Gaufl formula, which can be considered as the definition of the 
second fundamental form, 

(2.4) Xij = hijV, 



(2.2) 



(2.3) 



Kp)eCp:={eeri^0(7V):(e,0 <0} 
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where we are free to choose the future or the past directed normal, but we 
stipulate that we always use the past directed normal. 

Note that here and in the sequel a covariant derivative is always a full tensor, 

i.e. 

(2.5) x^j = x^j — Fjj-Xj. + r^^x^xj, 

where F^^ and T^j denote the Christoffel-symbols of the ambient space and 
hypersurface respectively. 

The second equation is the Weingarten equation: 

(2.6) V, ^ h'^Xk ^ g'^^h^jXk- 
Finally, we have the Codazzi equation 

(2.7) hij-k = hik:j + Rafijsi^"x^ x]xi, 
as well as the GaujJ equation 

(2.8) Rijki = -{hikhji - hiihjk} + Rafi^sx" x^ xjxf . 

Note that in the last equation the sign change comes into play. 

Now we want to define the different classes of curvature functions, first we 
provide the definition of such functions and mention some identifications, which 
will be used in the sequel without explicitly stating them again. 

Definition 2.1. Let F C M" be an open, convex, symmetric cone, i.e. 

(2.9) (k,) e F ^ (k„) e F Vtt en., 

where Vn is the set of all permutations of order n. Let / e C""'"(F), m G N, 
< a < 1, be symmetric, i.e., 

(2.10) /(«,) = /(«,,) yneVn. 

Then / is said to be a curvature function of class C™'". For simplicity we will 
also refer to the pair (/, F) as a curvature function. 

Now denote by S the symmetric endomorphisms of R" and by Sr the sym- 
metric endomorphisms with eigenvalues belonging to F, an open subset of S. 
Then we can define a mapping 

F :S ^ R, 

where the Ki denote the eigenvalues of A. For the relation between these differ- 
ent notions, especially the differentiability properties and the relation between 
their derivatives, see [Ml Chapter 2.1]. Since the differentiability properties are 
the same for / as for F in our setting, see [141 Theorem 2.1.20], we do not dis- 
tinguish between these notions and write always F for the curvature function. 
Hence at a point a; of a hypersurface we can consider a curvature function F 
as a function defined on a cone F C R", F — F{Ki) for (k^) S F (representing 
the principal curvatures at the point x of the hypersurface) , as a function de- 
pending on (hj), F — F[h\) or even as a function depending on {hij) and {gij), 
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F — F{hij,gij). However, we distinguish between the derivatives with respect 
to r or S. We summarize briefly our notation and important properties: 

For a (sufficiently smooth) curvature function F we denote by F^^ = ^T"' 

a contravariant tensor of order 2. and F^ — a mixed tensor, contravariant 

J 

with respect to the index j and covariant with respect to i. We also distinguish 
the partial derivative = and the covariant derivative F.^i = F^^hki^i- 
Furthermore F''^ is diagonal if hij is diagonal and in such a coordinate system 
there holds F" = For a relation between the second derivatives see |14[ 
Lemma 2.1.f4]. Finally, if F G C^(r) is concave, then F is also concave as a 
curvature function depending on {hij). With these definitions we can turn to 
special classes of curvature functions. 

But first we remind the definition of an admissible hypersurface: 

Definition 2.2. A spacelike, orientable hypersurface M of class in a Lo- 
rentzian manifold N is said to be admissible with respect to a continuous curva- 
ture function (F, F), if its principal curvatures with respect to the past directed 
normal lie in F. 

Definition 2.3. We distinguish three classes of curvature functions: 

(i) A symmetric curvature function F G C^'"(F+)nC''(f +), where F+ := 
{{ni) G K" : Hi > Q,l < i < n}, positively homogeneous of degree 
do > 0, is said to be of class {K). if it is strictly monotone, i.e. 

dF 

(2-12) F, = — >0 inF+, 

vanishes on the boundary of F_|_ and fulfills the following inequality: 
(2.f3) F^^'"77,j77H < F-\F'^n,jf - F^'^h^'n.jm V?7 G S, 

where F is evaluated at {hij) G Sr_|_ and (ft.'-') is the inverse of {hij). 

(ii) A function F G {K) is said to be of class {K*) if there exists < eo = 
eo(F) such that 

(2.14) eoFH <F'^Kkh'; V(ft,,)GSr+, 

where F is evaluated at {hij) and H represents the mean curvature, 
i.e. the sum of the eigenvalues of {hij). 

(iii) A differentiable curvature function F is said to be of class {D), if for 
every admissible hypersurface M the tensor F*-', evaluated at M, is 
divergence free. 

First, we define the most important curvature functions, the elementary 
symmetric polynomials 

(2.15) i/fc(Ai,... ,A„) = A = (A,;)gR", l<fc<n, 

il<---<ik 

and note that the n-th root of the gaussian curvature a„ = -fsT" = Hn is an 
example of a curvature function of class {K*). 
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Further examples are given by noticing that if F e {K*) then e (K*) 
for a > and if furthermore G S {K) (where in this case it does not have to 
vanish on the boundary) then FG G (K*). Possible choices of G would be the 
inverses of the symmetric polynomials Hk{Ki) — , see |14[ Chapter 2.2]. 

Secondly, we remark, that a curvature function of class (K) and homogeneous 
of degree 1 is also concave, see [l4j Lemma 2.2.14]. 

We note some important properties of the elementary symmetric polynomi- 
als: 

Lemma 2.4. Let 1 < k < n be fixed. 

(i) We define the convex cone 

(2.16) Ffc = {(At,) e M" : Hi{,i,) > 0, i/2(K«) > 0, . . . , Hki^i^) > 0}. 

Then Hk is strictly monotone on and F^ is exactly the connected 
component of 

(2.17) {(k,) e R" : Hkin,) > 0} 
containing the positive cone. 

(ii) The k-th roots Uk = are concave on Tk- 

(iii) For 1 < s < t < n and — (l^) there holds 

(2.18) 0-„ < (Tt < (Ts < (Ti , 

where the principal curvatures have to lie in F„ = F+ for the first, in 
Tt for the second and in T g for the third inequality. 

(iv) For fixed i, no summation over i, there holds 

Proof. The convexity of the cone Ffc and (i) follows from [18' Section 2], (ii) 
and (iii) from [20], Lemma 15.12 and Theorem 15.16, and (iv) follows directly 
from the definition of the Hk. □ 

A consequence of the preceding Lemma is the following 

Lemma 2.5. Let N be a semi-Riemannian space of constant curvature, then 
the symmetric polynomials F = Hk, 1 < k < n, are of class (D). In case k — 2 
it suffices to assume that N is an Einstein manifold. 

Proof. The proof of the Lemma can be found in ^15i Lemma 5.8]. The proof 
consists of induction on k and (iv) of Lemma 12.41 □ 

Now we state a well-known inequality for general curvature functions: 

Lemma 2.6. Let F G C^(F) be a concave curvature function, homogeneous of 
degree 1 with F{1, . . . , 1) > 0, then 

(2.20) F < E^hlJ^H. 
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Proof. See fTi', Lemma 2.2.20]. □ 

Remark 2.7. To estimate tensors, we will need a Riemannian metric on N. 
We use a Riemannian reference metric, which we define by 

(2.21) go,(3dx°'dx^^ = e^'^ {(dx°)2 + a^jdx'dx^} . 

The corresponding norm of a vector field rj on N will be denoted by 

(2.22) |||r,||| = (5„^r;"/)i 

Finally, we want to note that we will use the parabolic Holder spaces in later 
sections, where for the notation we refer to Definition 2.5.2]. 

3. Evolution equations 

In this chapter we state some facts about the representation of hypersur- 
faces as graphs and the evolution equations of the geometric quantities needed 
throughout the paper. For a derivation of the latter we refer to [TU Chapter 2]. 
Note that there is a slight but significant difference in the evolution equations 
compared to the Riemannian case due to the sign change in the Gaufi equation. 
First of all, we have in view of [121 Lemma 3.1] the following 

Lemma 3.1. Let N be a smooth, connected, globally hyperbolic Lorentzian 
manifold with a compact, connected Cauchy hypersurface So and M <Z N a 
compact, connected, spacelike hypersurface of class C*™'", 0<a<l; l<r7iG 
N, then M can be written as a graph over So 

(3.1) M = graph 
with u e C""'"(5o). 

We remark that the additional regularity mentioned above follows by the 
same proof as in \19i Lemma 3.1], the implicit function theorem being the 
main theorem used in the proof. 

From now on we assume to work in local coordinates of the special coordinate 
system given by (|1.3[) . 

The flow hypersurfaces can be written as graphs over So 

(3.2) M{t) = {x° = u{x') : x = {x') G Sq}, 

where we use the symbol x ambiguously by denoting points p = {x") £ N as 
well as points p = {x'') G So- Now suppose the flow hypersurfaces are given by 
an embedding x — x(t,^), where ^ = (^') are local coordinates of a compact 
manifold M, i.e. initially we have the embedding x : M ^ N, Mo :— x(M). 
Then there holds 

x° ^uit,0^uit,xit,0), 

x'^x\t,0. 
The induced metric has the form 
(3.4) g^j = e'^'f'{-UiUj + aij}, 
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where aij is evaluated at {u{x),x). Its inverse (5*-') — {gij) ^ can be expressed 



as 



(3.5) g^^- ^e-2^{a'^" + --}, 

^ V V 

where (cr*^) — {(^ij)^^ and we distinguish — g''^Uj and 

(3.6) it' = a'^Uj 
and where we define 

(3.7) = 1 - o-'^u.Mj = 1 - 

Hence, graph u is spacelike if and only if \Du\ < 1, in view of 
The past-directed normal has the form 



(3.8) (^.") 



Furthermore, looking at the component a = in the gaussian formula, we 
obtain 

(3.9) e ^vhij = u-ij T^QQUiUj Vq^uj — VQjUi f^, 

where the covariant derivatives are taken with respect to the induced metric 
of the considered hypersurface and v = v~^. For later use, we reformulate the 
above expression as in [Ml (2.5.11)], such that 

(3.10) e~^v hij — —v^'^Uij + e~^hij — e~^'ipai^°'gij + v^^e^^ipai^^gij, 

where £/, gij and hij denote the normal, metric and second fundamental form 
of the coordinate slices {a:° = const} and where the covariant derivatives of u 
are now taken with respect to the metric aij(u,x). 

In the Lorentzian case controlling the C^-norm of graph u is tantamount to 
controlling v in view of (j3.7p and 



(3.11) \\Du\\'=g^^u,u,=e-'^^-^. 

Finally, as for the curvature flows with general curvature functions we had to 
assume the existence of a strictly convex function x G C^i^) in a given domain 
f2, we shall state a geometric condition guaranteeing the existence of such a 
function. For a proof of the following Lemma see [14, Lemma 1.8.3]. 

Lemma 3.2. Let N be a smooth, globally hyperbolic Lorentzian manifold, So a 
Cauchy surface, (x") a future directed Gaussian coordinate system associated 
with Sq and Q C N compact. Then there exists a strictly convex function 
X S C^(f2), i.e. a function satisfying 

(3.12) Xap > cogap 

with a positive constant cq, provided the level hypersurfaces — const} that 
intersect are strictly convex. 
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We consider a curvature function F E C""'"(r), 2<mEN, Q<a<l, 
a function / = f{t) and a real function $ e C™'"(M) and write from now on 
$ = $(F). 

The curvature flow is then given by the evolution problem p.ip with f — fk, 
< k < n, as defined in p.2p (where we remark again that not all values of k 
are allowed for F = or F = (72, see the remarks after equation (|1.2I) ). 

We will assume throughout the next sections that short time existence has 
already been assured and we consider a solution x G (Qt*) of the 

curvature flow on a maximal interval [0,T*), < T* < oo, where Qt = 
[0,r) X M. Short-time existence is well known for the curvature flow without 
the global term as we are dealing with a parabolic problem and with a fixed 
point argument we can extend this result to the flow including the global term. 
This will be supplemented in section [TTl 

Hence we consider a sufficiently smooth solution of the initial value problem 
(|f .ip and show how the geometric quantities of the hypersurfaces M(t) evolve. 
All time derivatives are total derivatives, i.e., covariant derivatives of tensor 
fields defined over the curve x{t), cf. |13[ Chapter 11.5]. 

First, we consider the evolution equations for the hypersurfaces represented 
as graphs. 

Looking at the component a = of the fiow p.ip we obtain the scalar flow 
equation 

(3.13) w= -e-'^w~i($-/), 

where the time derivative is a total time derivative of u = u{t,x{t,^)). If 
however we consider u to depend on u = u(<, ^) we obtain the partial derivative 

du . . t 

-7^ = U — UkX 

(3.14) dt 

Let us now state the evolution equations, where we note that all covariant 
derivatives appearing in these equations are taken with respect to the induced 
metric of the fiow hypersurfaces: 

Lemma 3.3. We have the following evolution equations: 

(3.15) g,, =2(<i>-/)%, 

(3.16) ^y/g ^ - f)Hy/^, where 5 = det 5„ , 

(3.17) z> = g'^$,x„ 

(3.18) M = - ($ - f){h'^hi + R^^^si^'^x^i.^xig'^^}, 

(3.19) % = - ($ - m-h'lhkj + i?a/3^5J^"xf z^T^}, 

(3.20) $ - $'F^^$;., = -$'($ - f){F''h'^hk, + r^R^p^sv'^x^^v^x]}, 

where $' = -^$(r), 
dr 
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(3.21) it - <^'F'^u,j = -e-^{)($ - /) + ^'Fe-'^u 

(3.22) i ~ ^'F'^i,,j = -^'F'^Kkh'^i + [($ - /) - ^'F]i^^py''v^ 

where rj is the covariant vector field (rja) = e'^(— 1, 0, 0), 

(3.23) h{ ~ ^'F'^^hlj^i = -^'F'^^hrk^hi'i + ^'FK^K'^ 

- ($ - Dh't^^ + <^'F'''^^'hkl■,^K,.^ + ^"F,F^ 

+ 2>^'F''^Ro,p^sxZxUl4hT9"' - '^'F^^Ra.p^sx'^xlxIxlh'^g^' 

~ 'P'F'''R^^^sx'^x1x]xfh"'' - ^'F'''R^p^su''xlv''x^ihl 

+ ^'FR^p^s^'^x^^u^xlg'^' - ($ - f)R^p^s>^^x^^u-^xlg'^i 

Proof. See [T4, Lemma 2.3.1 for the first two equations, then Lemma 2.3.2, 
Lemma 2.3.3 for the next two equations. Lemma 2.3.4, equation p.l4p together 
with Lemma 2.4.4, Lemma 2.4.1]. □ 



4. Height estimates and volume preservation of the flow 

First, we remind the definition of the mixed volume, for k £ {0, . . . , n} and 
a hypersurface M represented by a graph u we have: 

\{(n+l)(l!)}-VM^'^-idM, 

where for (t, x) Cz N we denote by g{t, x) — det{gij){t, x) the volume element of 
the level hypersurface x^ — t at the point x G Sq. The choice of the reference 
point G (a, b) for the enclosed volume is arbitrary. Now we are going to 
prove the claimed volume preservation property of the flow p.ip with / = fk , 
0<k<n. 

Lemma 4.1. For k — the enclosed volume Vn+i and for k = 1 the volume 
of the hypersurfaces Vn is preserved. 

If the ambient space has vanishing sectional curvatures, then for 1 < k < n the 
mixed volume Vn+i-k is preserved. 

Proof. First we observe that for x E Sq we have 

(4.2) y^g{u{x),x) ^ vyjdet{gij{u{x),x)), 

where gij(t, ■) denotes the metric of the level hypersurface x^ = t. 



14 



MATTHIAS MAKOWSKI 



Taking this into account, we have for k = Q 'm view of p. 141) : 
d ^ , f du 



-Vn+i= I —e'^^yg{u{x),x) dx 

(4.3) 



($ - /o)v/ff(uRyaO dx = 0, 

in view of the definition of /o . Hence the enclosed volume is preserved by the 
flow. 

For A; = 1 we have in view of (|3.16[) 

(4.4) (71 + ^)njVn = ^ \Mt\ - j^^ ($ - h)H d^t - 0. 

Finally, for 1 < k < n we assume the ambient space has vanishing sectional 
curvatures. Then we exploit Lemma 12.51 and Lemma [ 
We get 



^-^'^[kht 



J Mt J Mt 

(4.5) -/ ($-A.)(i/fe_i)}i?„^^5i/"xfj.M5'=MMt 

J Mt 

■[ ($-/fc)i7fcd/it =0. 

JMt 



= k 



□ 



In order to prove the C°-estimates we will show that the curvature function is 
bounded during the evolution. Together with the monotonicity of the constant 
_F-curvature hypersurfaces, which we will prove afterwards, we then obtain that 
the flow stays within the domain bounded by the barriers for all times. 

Lemma 4.2. Let 

(4.6) ci:=min$(F) and C2:=max$(F), 

Mo AIq 

then there holds for all times < t < T* 

(4.7) ci < $(i^) < C2. 

Moreover $^"P(t) := max$ ^s mor^otomcally decreas^r.g ar^d $'"^(0 := min$ 
is monotonically increasing. 



Proof. We will prove (14. 7p holds until Tq, where < Tq < T* is arbitrary. This 
will prove the first statement and the second one follows by observing that the 
argument holds as well for the interval [ti,T*), where < < T* is arbitrary. 

We only prove the upper bound, the proof for the lower bound follows anal- 
ogously. 

Let 

(4.8) $ ($(F)-C2)-et-e, 
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where e > is chosen arbitrarily. Therefore there holds 

(4.9) $|t=o < 
and from p.20p we get 

(4.10) I - $'F'^<l;.j = -$'($ - f){F'^hkh] + F'^Ra,0.,siy"x'^iy'>x^^} - e. 
Suppose there is a point {to,xo), < tQ < To, xq G So such that 

(4.11) ^to,XQ)^0 

and where to is the first time for this to happen. 
Hence there holds for all x E So 

(4.12) $(io,a;) < $(to,xo) 
and this implies by the definition of $ and fk 

(4.13) fkih) <Hto,xo). 

Evaluating (j4.10p at (to, xo) yields therefore in view of the maximum principle 

(4.14) < -e < 0, 

where we used the timelike convergence condition (|1.5p in case of the mean 
curvature flow and (|1.6p for general curvature functions as well as the non- 
negativity of the term F'^^hikh^- 
This contradiction implies 

(4.15) $ < e< + e + C2 < eTo + e + C2 

and the Lemma follows because e can be chosen arbitrarily small. □ 

Note that this Lemma ensures in the case oi F — H or F = (T2, that the 
principal curvatures of the flow lie in the cone of definition, where we use Lemma 
12.61 for F = a2- Furthermore, with regard to the supplementary function, the 
proof merely depends on the fact that $' > 0. 

We also want to point out the following observation, which can be used to 
prove long time existence for bounded, but otherwise more general global force 
terms, than the ones we consider in this paper, as long as we have suitable 
barriers: 

Remark 4.3. The proof of the preceding Lemma shows that for a global term 
/ = /(^) which is bounded from below and above by ci and C2 respectively, 
where these are arbitrary constants, the curvature function ^{F) is bounded 
by the same constants if $(F)|(=o is- 

Now we want to show the monotonicity of hypersurfaces with respect to 
their F-curvature. For the mean curvature in a cosmological spacetime the 
proof can be found in [14^ Lemma 4.7.1], for general F the proof needs a minor 
modification: 
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Lemma 4.4. Let N he a smooth cosmological spacetime with compact Cauchy- 
hypersurface So and non-positive timelike sectional curvatures, F a strictly 
monotone curvature function defined on an open, convex, symmetric cone T, 
F G C'^(r) n C'^(r), such that F vanishes on the boundary ofT and F > in 

r. 

Let Mi ~ graph Ui, i = 1,2 be two compact, connected, spacelike, admissible 
hypersurfaces of class , such that the respective F-curvatures Fi satisfy 

(4.16) Fi<(<)minF2, 

M2 

and if p £ So is a point such that Fi{ui{p),p) — min_F'2, then we assume that 

M2 

the principal curvatures of M2 at {u2{p),p) are not all equally to zero. 
Then there holds 

(4.17) ui<{<)u2. 

Proof. In view of the equation (|3.9p and the maximum principle it suffices to 
show 

(4.18) ui < U2. 
Now suppose (|4.18p is not vahd, so that 

(4.19) E{ui) ^{xeSo: ^2(2:) < ui{x)} ^ 0. 
Thus there exist points pi e Mi such that 

(4.20) < rfo = d{M2,Mi) = d{p2,pi) = snv{d{p,q) : {p,q) G M2 x Mi}, 

where d is the Lorentzian distance function, which is finite and continuous in 
our setting, see |13[ Theorem 12.5.9]. 

Now let be a maximal geodesic from M2 to Mi realizing this distance with 
endpoints p2 and pi and parametrized by arc length. 

Denote by d the Lorentzian distance function to M2, i.e. for p E /+(M2) 

(4.21) d{p) = sup d{q,p). 

Since (j> is maximal, A = {(/)(t) : < t < do} contains no focal points of 
M2, cf [27, Theorem 34, p. 285], hence there exists an open neighbourhood 
n n(A) such that J is of class in H, cf [Ml Theorem 1.9.15] and 11 is part 
of the largest tubular neighbourhood of M2 and hence covered by an associated 
normal Gaussian coordinate system (x") satisfying x'^ = d in {x^ > 0}, see [141 
Theorem 1.9.22]. 

In this coordinate system M2 is the level set {d = 0} and the level sets 

(4.22) M(t) = {p e n : d{p) = t} 

are -hypersurfaces. 

Next we want to derive a formula for the evolution of the _F-curvature of 
the level hypersurfaces of this coordinate system. Let us define the flow of the 
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level hypersurfaces by 

(4.23) X = -V, 

(4.24) x{Q)^xo, 

where xq is the embedding of M2- Then we infer from [14' Proposition 1.9.4] 

(4.25) X, i;eCi((-eo,rfo)xSp(eo)), 

where eq > 0, xo(^o) = 0(0) and (-eq, do) ><^o(^p(?o)) C 11. Hence gij = 
(xi, Xj) as well as hij = ~\9ij (see equation (|3.15l) with / = 1) are continuously 
differentiable with respect to space and time. From (13.181) we then obtain the 
equation 

(4.26) h) = h'^h] + R^,i-,su''xlv''x]g''\ 

where we note that in view of (|4.25|) one can verify that Rap-ysi^"'^'^ = Ropos 
is continuous in this coordinate system, since f = ^gai3,o- 
For the i^-curvature of M{t) we obtain then the equation 

(4.27) F = FihTht + mc.p,s^''^^iy'xlr'\ 

where the geometric quantities like gij, hij and so on denote the geometric 
quantities of the level hypersurfaces and they are not to be confused with the 
quantities of the ambient space. This implies that the i^-curvature of M{t) is 
monotonically increasing with respect to t in view of the strict monotonicity of 
the i^-curvature, hence the level hypersurfaces are admissible, since F vanishes 
only on dV. 

Next, consider a tubular neighbourhood lA of Mi with corresponding normal 
Gaussian coordinate system (x"). The level sets 

(4.28) M(s) = {a;0 = s} , -(5 < s < 0, 

lie in the past of Mi — A/(0) and are all of class for small 5. 

Since the geodesic (f> is normal to Mi, it is also normal to M(s) and the 
length of the geodesic segment of from M (s) to Mi is exactly — s, thus equal 
to the distance from M{s) to A/i, hence we deduce 

(4.29) d(M2,M(s)) = rfo + s. 

We infer that {4>{t) : Q <t < + s} also represents a maximal geodesic from 
M2 to M{s) and we conclude further that, for fixed s, the hypersurface M(s)nn 
is contained in the past of M{do + s) and touches M{do + s) in ps = 4>{do + s). 
Hence by the maximum principle there holds 

(4.30) F^M^^)ips)>F\Mid„+s)iPs). 
Furthermore, if 



(4.31) 



Fi|^(0) =minF2, 
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then by using the additional assumption we conclude that if we choose S > 
small enough, then in view of ()4.27p there exists e > not depending on s, 
—S<s<Q, such that there holds 

(4.32) F\M{do+s){Ps) > minF2 + e. 

M2 

On the other hand the F-curvature of M{s) converges to the _F-curvature of 
Ml if s tends to zero, hence we conclude 

(4.33) Fi(pi) > minF2 + e, 

M2 

where e > if (|4.3ip is satisfied (otherwise it can be equal to zero) , yielding in 
either case a contradiction to (|4.16p . 

□ 

The barrier condition and the preceding Lemmata imply the following 

Proposition 4.5. If Ui = graph Mi, i = 1,2, where Mi and M2 denote the 
lower and upper barrier respectively, then there holds 

(4.34) ui < u(t) < U2. 

In the case F — H , T — R", this Proposition follows by the proof of Lemma 
14. 4i since now all appearing hypersurfaces are admissible. 

Lemma [4.41 also yields the uniqueness of constant _F-curvature hypersurfaces: 

Corollary 4.6. Let N be as in Lemma \4-4\ '^i^d, F be a curvature function 
of class [K] defined on r+ or F = Uk, 1 < k < n, defined on T^. Then a 
compact, connected, spacelike hypersurface of class with F = c for some 
constant c > 0, is uniquely determined. 

5. Gradient estimates 
Let <I> be a function in C^'"(]R), which satisfies 

(5.1) $' > and $" < 0. 

Let / = /(i) be a bounded function and suppose C°-estimates have already 
been established, i.e. the flow stays inside a compact region Ct C N. Let F be 
a curvature function which is monotone, concave and homogeneous of degree 
1. Then we show, following the proof in [10, Section 5], 

Proposition 5.1. During the evolution of the flow p.ip the term v is uni- 
formly bounded: 

(5.2) d<c = c{n,\<i>\o,\<i>'\o). 

We can allow for such a general supplementary function <& as above, because 
we already established bounds for <i> in Lemma 
First we need some Lemmata: 
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Lemma 5.2. The composite function 
(5.3) <P^e^^'\ 
where fi, X are constants, satisfies the equation 



Xu , 



(5.4) 



[1 + /ie^"]<I>'F*^u,Wj7xA2e^"0. 



The Lemma follows from p.2ip . 
For a proof of the fohowing two Lemmata we refer to jl2) : 

Lemma 5.3. There is a constant c — c(f2) such that for any positive function 
< e = e{x) on So and any hypersurface M{t) of the flow we have 



(5.5) 
(5.6) 
(5.7) 
(5.8) 

(5.9) 

(5.10) 

(5.11) 



9^' 

\F^'^h)x'^xii^^p 
\F''Ro.fi^5y''x^^xlx%xtg''' 

\MC\\ 



< cv, 

< F^'gM9'\ 

< cv'F^^g.,, 

< cv'F^'g,,, 

<cv y{p,O^TM{t) 



^-9.,v 



r,3 



Lemma 5.4. Let M G ^ be a graph over So, M = graph u, and e ~ e{x) a 
function defined in So, < e < i. Let (p be defined through 



(5.12) = 6- 

where < fi and A < 0. Then there exists c — c{fl, |$|o, l^'lo) such that 
2^'\F'^i,(f)j\ <cF''^g,yC3|A|^e-^"0+ (1 _ 2e)^' F'^ h'^hkjicf) 



(5.13) 



1 



1 - 2e 

Now we can prove Proposition 15. II 
Proof. We consider the function 
(5.14) vj = vcj}, 

where ip is chosen as in (|5.3p and we wih choose 



(5.15) 



1 



A negative with |A| large enough. Showing that w is bounded is tantamount to 
show that V is bounded. 
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Let us furthermore assume that u < —1, for otherwise we could replace u 
in the definition of ^ by (m — c), where c > 1 + We derive in view of the 
evolution equations and Lemma 14. 2| 15.31 and 15.41 the parabolic inequality 

1 2\2„2AMr-,, 



(5.16) l-2e 



- <^>'F'^UiUjnX'^e^"v(j) 

where the function < e = e{x) < ^ is the one chosen in Lemma 15.31 

We use the maximum principle to show that w is bounded, let < T < T* 
and xq = x(to,Co) be such that 

(5.17) sup supw = w{to, ^q). 

[0,T]M(t) 

We choose a coordinate system (^*) such that in the critical point 

(5.18) gij = Sij and h'^ = K^^f , 
and there holds 

(5.19) Ki < K2 < . ■ ■ < Kn- 

Now assume v{xq) > 2 and let i = iq be an index such that 

(5.20) > i||i^^||2. 

n 

We set (e*) = and assume without loss of generality that < UiC^. At xq 
there holds Dw{xo) = 0, hence taking the scalar product with (e*) yields 

-Vie' = aXe'^^vUie' 
(5-21) , „ ^ , 

where the second equation follows from v = rjav" and the Weingarten equation 
(we remind that r/ = e^(— 1, 0, . . . , 0)). 

Rearranging the terms and taking (|5.1ip as well as (|5.20p into account, we 
get for large |A| 

(5.22) < [/^Ae^" + c]ve"l' < i^Ae^^we"'^. 

Hence it follows that is negative and of the same order as v, which already 
finishes the proof, if we have a lower bound for the principal curvatures. 

Next, considering the special coordinate system chosen above and the fact 
that Kig is negative, we conclude 



(5.23) - F'^h'yhkj < - £ i^,^^ < - g F,k: 



^0 

2 

io ■ 

i=l i=l 
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(5.27) + -<i>'F'^u,Ujfj.^X^e^'^v(l} - ^' F'^ u^Uj^X^e^'^vcl} 



Since F is concave, we have at a;o 

(5.24) Fi>F2>...>Fn, 
hence there holds 

io 1 " 

(5.25) -Vf, <-Fi< Yf,. 

i=l 1=1 

We conclude 

(5.26) - F'^h^hkj < -cF'^g.jfi'^X^e'^^^v^. 
Inserting this estimate in (|5.16l) yields at xq with the choice e = e^^": 

< -cF'^gi^fi^X^e^^i^cf) + cF'^ g^Jfl\X\e^''v^(|) 
2 

l~2e 

The second row is negative due to the choice of /i. The first term is the dominant 
one, if we choose |A| large enough, hence the right hand side is negative, which 
implies that the maximum of w cannot occur at a point where v > 2. □ 

6. Curvature estimates 

In this section we prove the boundedness of the principal curvatures during 
the flow, which together with the estimates in the next section will imply the 
long time existence of the flow by well-known arguments. 

Now in view of Lemma 14. 2l we are in an expedient situation, as C^-estimates 
can be derived in the same way as for a constant force term / = c. Nevertheless 
we will provide them for the sake of completeness. 

First, we provide the curvature estimates for F = H, cf. [M'. Lemma 4.4.1]: 

Proposition 6.1. The principal curvatures of the flow (jl.ip with curvature 
function F = H and supplementary function $(a;) = x for A; = or $ g 
C""'"(]R+, M) an arbitrary function satisfying $' > and < for k ^ 1, are 
uniformly hounded during the flow. 

Proof. Let C, be defined by 

(6.1) C = sup{%r?V : Ihll = !}■ 

Let < T < T* and xq = a;o(io) with < to < be a point in Af(to) such 
that 

(6.2) supC < sup {sup C : < t < T} = ((a^o)- 

Mo Mt 

At first, we follow the usual argument, which allows one to substitute C, by 
and use the evolution equation for the latter quantity to estimate C: 

We choose Riemannian normal coordinates (^*) at a;o G Af(to) such that at 
this point we have 

(6.3) gij = 6ij and ( = /i^ = k„, 
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where we assume the principal curvatures are labehed as in ()5.19p . 
Let fj = [if ) be the contravariant vector field defined by 

(6.4) r)=(0,...,0,l), 
and set 

(6.5) C = ^. 

We note that C, is well defined in a neigbourhood of (io,a;o) and C, assumes its 
maximum at (<o,2;o) well. Moreover at (^0,2^0) we have 

(6.6) C' = K 

and the spatial derivatives do also coincide. Hence at (^oi^^o) the function Q 
satisfies the same differential equation as h^. For the sake of greater clarity, 
we will treat therefore /i" like a scalar and pretend that ^ is defined by 

(6.7) (: = \ogK. 

In view of the maximum principle and Lemma 14.21 we deduce that there holds 
at (to, 2^0) 

(6.8) < -^'UW^hl + cH\K\^ + c(l + hi), 

where = hijh^^ — This proves that ( is bounded and since we 

already have a lower bound on H we are done. □ 

Before we prove the next estimates, let us state the following 

Remark 6.2. Let x = Xsi be the strictly convex function, where we assume 
Cl is the region determined by the C°-estimates. Then there exist constants 
c = c(|$|, 1$'!) and cq > (depending on |<i>'| and the strict convexity of x), 
such that 

(6.9) X - '^'F'^x^J < cxaiy" - coF'^dv- 

Next, we treat the case F = <J2- The proof is as in |TU] : 

Proposition 6.3. The principal curvatures of the flow p.ip with F — ^2, 
$(a;) = X or $(x) = —x"^, are uniformly bounded during the flow, provided 
there exists a strictly convex function x € C^(r2). 

Proof. Let C, and w be respectively defined by 

C = sup{/i,j?7'?7^ : ||r;|| = 1}, 
w = logC + Ax, 

where A > is a large constant. We will show that w is bounded, if we choose 
A sufficiently large. 

Let < T < T* and Xq = a;o(io) with < < be a point in M{to) such 
that 

(6.11) supw < sup {sup w : < t < T} = w{xq). 

Mo Mt 
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By the same procedure as in the last proof we introduce normal coordinates at 
xq = x(to, ^o), and we may define w by 

(6.12) w^logh^ + \x. 

If we assume /i" and A to be greater than 1 , we deduce the following inequality 
at (to, Co) 

< -cF'^h^kh] + cKl + cF'^g^J + Ac - XcoF'^g^^ 



13) 2 " 

+ ci>'^^^^(iog/.:^),(iog/i;:), + <i>'- — Y.(Pn-F,){h„,n'ihny 



where we have estimated bounded terms by a constant c and the last term is 
due to the term with the second derivatives of F in the evolution equation of 
(we use formula (2.1.72) in [T3] and note that the two parts in this formula are 
both negative for a concave curvature function, see [Ml Proposition 2.1.23]). 

We distinguish two cases: 

Case 1. Suppose that 

(6.14) ki|>ei«:„, 

where we choose some fixed ei so that < ei < ^. 

Then we have in view of the concavity of F, see (|5.24p . 

(6.15) F'^Kkh"^^ > FikI > -F'lg.^elKl 
Since Dw = 0, 

(6.16) D\oghl^-\Dx. 
Hence 

(6.17) F^^{\ogKU\ogK), < X'F^'xrXj < cX'F^^g,,. 

For large k„ the first term in (|6.13p is dominating, so we can conclude i^ji is a 
priori bounded in this case. 
Case 2. Suppose that 

(6.18) Ki > —eiKn- 

Then, by using the Codazzi equations, we can estimate the last term in ()6.13p 
from above (where we omit the factor <&' for a moment); 

(6.19) 



i=l 

The second sum can be estimated by a constant, since Fi < cKn- 
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The terms in ()6.13p containing the derivative of /i" can therefore be estimated 
from above by (again omitting the common factor $') 

(6.20) ' 

i=l 

Hence we get the inequahty 

< - cF^kI + X^cFn + CK,, + cF'^gij 

(6.21) .. 

+ Xc-\coF'^g,,. 

Because of (-^2)1 ^ ci'^n the fact that (72 < cq we deduce 

(6.22) F'^g.j > cKn. 

Hence we can uniformly estimate k„ from above, if A has been chosen large 
enough. The proposition now follows from jvlp < and H > 0, which are 
valid in T2 by definition. □ 

Finally we provide the C^-estimates in the case of a curvature function of 
class {K*), see also |14, Lemma 4.1.3]. 

Proposition 6.4. The principal curvatures of the flow (|l.ip with F E (K*), 
^{x) — log(a;), are uniformly bounded during the flow, provided there exists a 
strictly convex function x G C^(r2). 

Proof. Let C be defined as in the preceding proof and define 

(6.23) w = logC + Xv + HX, 

where A, ^ are large positive parameters which we specify later and we will 
prove that w is bounded if we choose A and /i approprietly. 

By the same procedure as in the last proofs we suppose xq is a point in 
M{to) such that holds, where < T < T* and < to < T, we introduce 

normal coordinates at xq = a;(io,^o)i a-nd we may define w by 

(6.24) w = \ogh';^ + Xv + tix- 
At {to, ^0) we have in view of the maximum principle 

< c{h';^ + A) + cXF'^g,^ +fic- fiCoF'^ g,j 

(6.25) - X^'F'^h'ihkj + <i>'F'^{\ogh':,U\oghl), 

+ {$"F„F" + <^'F''''-'hki;nK^."}{h^)-\ 

where we have assumed that /ij^, A and /i are larger than 1 and used the 
boundedness of <i>. 

Since F e {K*), by choosing A and fj, large enough it suffices to estimate the 
term, which is quadratic in the derivatives. This will be done by exploiting the 
last term, which is negative (both its components are). 
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Since F e (K) and $"(a;) < we can estimate the last term from 

above by 

(6.26) - {hirH'r^h,n.,nhj^;\ 

The Codazzi equation impHes 

(6.27) ^'in;n — hnn;i Ra^^S^ •^n'^i "^n' 

hence by abbreviating the curvature term by Ri, we conclude that (j6.26p is 
equal to 

(6.28) - iKr'^'r^HK)., + RMK);s + R,)- 

Hence the last two terms in (|6.25p are estimated from above by 

(6.29) -2{hl)-'^'F^\\ogK).,R,. 
Now Dw ~Q yields 

(6.30) D\oghl = -\Dv - ^iDx, 
hence we can finally estimate the last two terms by 

(6.31) Xc+{hl)-\\ + ^l)cF'^g,,. 

This establishes the uniform bound of k„ from above and implies that ki is 
uniformly bounded from below by a positive constant in view oi F > c> Q and 
F|ar = 0. □ 



7. Higher order estimates 
In view of the a priori estimates obtained so far, we know that 

(7.1) |w|2,0,<So < Co 

and 

(7.2) ^{F) is uniformly elliptic in u 

independently of t, < t < T*, because the principal curvatures lie in a 
compact subset of T. Denote the ellipticity constants by A, A. 

Next, we look at the nonlinear, but uniformly parabolic equation 

(7.3) |^ = -e-'/'„($(^^)_/), 

where the operator $(F) is concave in hij, hence — $(i^) is concave in uij. 
However, we cannot apply the Krylov-Safonov estimates since / = f{t) is a 
merely bounded function. Instead, we can follow an argumentation similar to 
the one used in |22j and, with certain modifications, in [6J to obtain a uniform, 
time-independent bound on u in X 5o) for some < /3 < 1, 

where we choose 5 > to be arbitrary but fixed and 5 < T < T* < oo arbitrary. 

The idea is roughly as follows: First one obtains H^^^ {[5, T] x 5o)-estimates, 
< /3 < a, for M and $(F) using the parabolic Harnack- inequality. Then we 
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fix t > (5 and consider u to be a solution of the nonUnear, but uniformly elliptic 
equation 

(7.4) <^iF{-,u{t, ■),Du{t, ■),D^u{t, •))) = .g e CO^^(5o). 

As this equation is not well-defined on the whole set 5o x R x R" x S, where S C 
jjnxn (jgjjQ|;gg ^j^g space of symmetric matrices, we are going to use the Bellman- 
extension in a similar way as in the papers cited above. Now we can apply 
C"''''(5o)-estimates for D'^uit, ■) using a result of Caffarelli ([7, Theorem 8.1]). 
We remark that in this section Du and D^u denote the first respectively second 
derivatives with respect to space. This then enables us to use the estimates 
from \2j Sections 3.3, 3.4] to obtain parabolic Holder estimates for Du and D^u. 
Finally, the higher order estimates can then be derived by using essentially the 
parabolic Schauder-theory, thereby asserting long-time existence. 

From now on let e,S,T be fixed constants with 0<e<^<r<r*. By 
choosing a finite covering of Sq it suffices to show inner estimates in a fixed 
coordinate chart. Hence from now on all quantities of the hypersurface are 
expressed in local coordinates and depend on x G il, where il CC R" is an 
open, precompact set. First, we derive the Holder-estimates for u and $(i^): 

Lemma 7.1. There exist constants /3, < /3 < 1, and ci depending on the 
already obtained estimates, such that 

(7-5) 11*11/3,1, [e,T]xSo ^ ^1' 

(''•S) ll"ll/3,f,[e,T]x5o ^ Cl- 

Proof. Looking at the equation p.20p we have 

$ - a'^$ „ + = $ - „ + $'F'^rf,$fc 

(7 7) _ 

= -$'($ - f){F'ih'^h,, + F'^R^i,^s'y''x^iy^x'^} g, 

and g as well as b'' are bounded in view of (|7.ip . Since this is a uniformly 
parabolic equation, we can apply [20j Corollary 7.41] or Theorem 3.16] to 
obtain (fTS]) . Next we look at (pT2T]l : 

(7.8) ii - -I- $'F*^r*;.Ufc = -e-'^w($ - f) + <^'Fe-'^v 

+ ^'F^^{fl^u,u,+2flu,+fl} 

Since we are in the same situation as before, proceeding as above yields (|7.6|1 . 

□ 

Next, we want to use the result of Caffarelli to obtain spatial C^^'' estimates 
for u. First we extend F using the Bellman-extension to all of R"^", where we 
consider F = F{hj): 
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Lemma 7.2. Let T C M" be an open, convex, symmetric cone and f G C'^(r) 
be a symmetric, concave function, positively homogeneous of degree 1 and van- 
ishing on the boundary ofT. Denote by F £ C^(Sr) the corresponding curva- 
ture function. Let Ci,C2 be positive constants. Then there exists a function F 
defined on all o/R"^", which agrees with F on the set 



(7.9) C=<^AeSr:Ci<FA max < C2 

{ l<i<n 

where the Ki denote the eigenvalues of A. Furthermore F is uniformly Lipschitz 
continuous, positively homogeneous of degree 1, concave and uniformly elliptic, 
where the ellipticity constants depend on Ci and C2. 

Proof. Define F for arbitrary (6*) G M"^" as folfows: 

(7.10) F{b))= mm F^{h))bi. 

First of all, in view of Eulers homogeneity relation FfiW^^hf^ ~ F(/i*) and the 
concavity we infer for (6^), (ft,^ ) € F 

(7.11) F{b)) < F{h)) + Fj'{h)){bi - hi) - F^{h)) b[. 

From this inequality and again the homogeneity relation we infer F^q = F^q. 
By definition F is concave, homogeneous of degree 1 and well-defined, since 
C is compact. Furthermore, using some elementary properties of the trace- 
function and the fact that F is uniformly monotone in C, one obtains the 
uniform ellipticity of F, hence there exist positive constants A, A, depending 
on n, F and C, such that VA.B e M"^" with B nonnegative definite there 
holds 

(7.12) A ||B|| < F{A + B)- F{A) < A 

In the same way as above one can establish that F is uniformly Lipschitz 
continuous. □ 

Now we can derive the spatial C^''^-estimates, first we cite the result of 
Caffarelli, see [71 Theorem 8.1] and the remarks following it: 

Theorem 7.3. Let g G C"'"(f^), 0<a<l, G:f^xS^R6e continuous, 
concave in the second argument, uniformly elliptic, i.e. there are constants 
fix, fi2 such that for all x € Q, A, B G S with B nonnegative definite there holds 

(7.13) Mill^ll < Gix,A + B) - G{x,A) < M2||-B|| 

and furthermore there exists c > 0, such that for all x,y fl, A S there holds 

(7.14) \G{x, A) ~ G(y, A)\ < c\x ~ i\\A\\ + 1). 

Then for f2' CC f2 there exist constants < /3 < a and C > such that a 
solution u of G{- , D'^u{ )) = g{-) satisfies 

(7.15) ll"l|2,/3,a' < C (||u||o,a + \\g\U,n + 1), 
where C depends on n, 111,112, c and fl' . 
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Lemma 7.4. Let $7' CC he an open set and t G [e,T] arbitrary, then there 
exist constants /3, < /3 < (3, and such that 

(7.16) \\D\it,-)\\^ ,,, <C2, 

where C2 is a constant depending on X, A, d(D,' , dil) and the constants cq from 
(TTTI) and ci from ((73)) . 

Proof. By using p.lOp we can define a smooth function 
rj-.QxRx B'^iO) x S ^ S, 

(7.17) 

11 = v{x,z,P,r) = {-x'''{x,z,p)rkj +R]{x,z,p)) , 



linear in r for fixed x, z,p, sucfi tliat for arbitrary spacelike hypersurfaces M = 
graph M I SI of class we have for x ^l 

(7.18) h}{u{x),x) = ['n{x,u{x),Du{x),D^u{x))]], 

where the derivatives are partial derivatives. Furthermore for such u we can 
define the function 

n„ :r2 X S — > S, 

(7.19) 

(a;, r) i-> ri{x, u{x), Du(x), r), 

which is now of class . 

Applying Lemma l7.2l with Ci and C2 chosen correspondingly to the already 
obtained a priori estimates, we define 

G :r2 X S X (0,r] ^ R, 

(7.20) 

{x,r,t) ^ ^{F{fjuit){x,r))). 

For fixed t G [e,T] and g{-) ~G{-, D^u{t, ■),t) G C^'^{n), which is valid in 
view of Lemma 1 7. li we consider u{t, •) to be a solution to the equation 

(7.21) - G{x, D'^v{x),t) = g{x) , x e n, v e C^{n). 

Now we can apply Theorem 17.31 to obtain the desired estimates, where we use 
the uniform ellipticity of F and we note that — G is concave with respect to r 
(see the definition of rj and the remark at the beginning of this section). Finally, 
a short computation using the already obtained G^-estimates yields that (I7.14p 
is satisfied (even for a = 1). 

□ 

Finally, we obtain: 

Proposition 7.5. Fix 6, T, such that 0<S<T<T*<oo. Then for the 
solution of problem p.ip we have uniform estimates 

C^-^S) ||u|l2+/3,l+i3,[5,T]x5o - ^ 

for constants /3, < /? < 1, and c depending on the choice of 6, but not on T. 
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Proof. In the same way as we obtained a uniformly elliptic equation for u in the 
last Lemma, we can obtain a uniformly parabolic equation for u and use the 
estimates from [21 Sections 3.3, 3.4] to obtain the parabolic Holder-estimates for 
Du and D^u. Together with (|7.6p and the definition of / we obtain (omitting 
the tilde in the Holder exponential) 

(7.23) < const. 

The last estimate to complete the Proposition can then be obtained from the 
evolution equation of the graph. □ 

We finish this section with the higher order estimates and the existence for 
all times. 

Proposition 7.6. The scalar curvature flow exists for all times < t < oo in 
the class 5 {[0,t] x Sq) and the curvature flow exists for all times 

in the class H"^^°''~i~ {Qt,N). Furthermore we have uniform estimates for 
the scalar curvature flow, i.e. there exists a constant c > 0, such that 

(7.24) Il7.ll 

m+2+a, '"+j + ° ,[0,oo)x5o — 

Proof. Going through the proof of |141 Theorem 2.5.9] reveals that the time 
dependence of / does not cause any problems, as it already has the right 
regularity to proceed. Following the arguments in [14, 2.5.12] and noting that 
now has again the same regularity as in that proof due to the definition of 
/, we conclude that [141 Lemma 2.5.17] is also valid for the volume preserving 
flows. Hence in view of the a priori estimates from Proposition 17. 51 we infer that 
the flow exists for all times and has the regularity mentioned above, compare 
the argumentation in |14[ Remark 2.6.2]. 

It remains to prove the estimate (|7.24p . With /3 from Proposition 17.51 we 
have u e H"'+^+^''''^{[0,oo) x 5o), see [HI Theorem 6.5]. With this new a 
priori estimates at hand we can again apply the Theorem to obtain the uniform 
estimates ((7?M)l . □ 

We remark that the estimates we have used so far, apart from Lemma |4.2[ 
do not rely too much on the particular choice of the global force term. Hence 
as long as bounds for the global force term can be established, one can alter 
for example the integrands by functions, which depend on u up to its second 
derivatives and still obtain long time existence for the flow. 

8. Convergence 

Now we want to show the convergence to a hypersurface of constant in- 
curvature. The flrst step consists of proving the convergence of the i^-curvature. 
Let us flrst cite a well-known fact. 

Lemma 8.1. Let Sq be a compact manifold of class and f G C^{J x Sq), 
where J is an open interval, then 

(8.1) </)(0 =sup/(i,-) 

•So 
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is Lipschitz continuous and there holds a.e. 

(8.2) ^{t) = ^{t,xt), 

where Xt is a point in which the supremum is attained. 

A corresponding result is also valid if <j) is defined by taking the infimum 
instead of the supremum. 

Proof. See Lemma 6.3.2 in [14] . □ 

Dealing carefully with the equation (|3.20p we can prove at once the expo- 
nential convergence of the F-curvature. Note that the proof does not rely on 
any a priori estimates besides the bounds on the curvature function. 

Lemma 8.2. There exist constants < (5 = 5{Mq) and c = c(A/o), such that 

(8.3) swp\^{F){x)- fk{t)\<ce-'\ 

x£Mt 

Proof. We remind that $(F) satisfies a parabolic equation of the form 

(8.4) +c($-/fc)=0 
with 

(8.5) C := ^'{F'^h'yhkj + F'^R^p^su'^x^^y^x^^ 

and we note C > cq > and cq = co(Mo), in view of Lemma 14.21 
We consider $ as a function 

$ :[0,T*) X M ^ M 

^^■^^ {t,0-^HF{{n{t,0.x\t,0)) 

and denote by ^'"^(i) € Mt a point where 

(8.7) $'"f(t) = ■■= inf HUO 

and by ^""p {t) £ Mt a. point where 

(8.8) $™P(i) = $(f "P(<)) := sup 0- 
Let 

(8.9) ?7(t) :=$^"P(t)-$'"f(t). 

We know that and ^'^"p are lipschitz continuous considered as functions 
depending on t, hence by the previous Lemma there holds for a.e. t: 

= ?7 - ($'i^'^$.,j-)(f"'') + ($'F'^$;y)(f "^) 



(8.10) 

+ ($^"P - /fc)C(f "P) - ($'"f - /fc)C(rf ). 

Considering the points at which the functions are evaluated, one obtains the 
following inequality 

(8.11) > 7) + ($™p - fk)c{rn - (*'"' - fk)c{r')- 
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Now since both — and fk ~ are nonnegative, due to the definition 
of fk, we conclude 

(8.12) > 77 + co($^"P - fk + fk- = V + coV- 
Hence there holds 

(8.13) > I (e^^'v) 

for a.e. t £ [0,r*). Integrating over t shows the exponential decay and proves 
the lemma. 

□ 

Now we can infer the convergence of the graphs: 

Corollary 8.3. The graphs u — u{t) converge exponentially to a continuous 
function Uoo on Sq in the Supremum-Norm, where the factor in the exponential 
convergence is the same as in Lemma \8.2l i.e. there exists a constant c = 
c{Mo, \u\) > such that 



.14) sup \u{t, x) — Uoc,{x)\ < ce' 



-St 



Proof. Let t G [0, oo) be given and t' > t he arbitrary. Then we have in view 
of p.l4p for an arbitrary x G Sq and some c' > 0: 



.15) \u{t,x)-u{t',x)\< -e 





C -St 



□ 



We remind a well-known interpolation Lemma, which will be used to show 
the exponential convergence of the graphs in (7™+^ . 

Lemma 8.4. Let 51 &e a bounded open subset o/M" and 17' CC 51 be an open 
subset. Furthermore let m,l £ N, 1 < I < m, a Cz < a < 1. Then the 
following two interpolation inequalities are valid: 

(i) There exists c > 0, where c — c(n, m, 57'), such that for all u G C™(r2) 
there holds 

(8.16) Ikllai' <c|H|g'(|Hlo"o + ll^"^llo"n)- 

(ii) There exists c > 0, where c — c{n, m, a, 57'), such that for all u G C™'"(57) 
there holds 

(8.17) ||^|U,n' <c\\u\\^ (ll^llg^ + [D^u]-^). 

From the preceding Lemmata one can infer the exponential convergence in 
C""+2(5o): 

Corollary 8.5. The functions u{t, •) converge exponentially for t ^ oo in 
C™+^(5o) to Uoo G C""^^'"(5o). Woo represents a spacelike hypersurface of 
class C''™+2:" ijijith constant F-curvature. 
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Proof. Using the uniform estimates (|7.24|) together with Corollary 18.31 and 
the interpolation inequality ()8.17p we conclude the exponential convergence 
of u{t, ■) in C™"'"^(5o). Since we have uniform estimates for v, the limit hyper- 
surface AIoo = graph Moo is a spacelike hypersurface. Lemma |8 . 21 shows that the 
limit hypersurface has constant _F-curvature, then the elliptic Schauder theory 
implies e C""+2'"(5o). □ 

If we assume the initial hypersurface and the considered curvature function 
to be smooth, then the above Lemma yields the exponential convergence in the 
-topology: 

Corollary 8.6. // the initial hypersurface and the curvature function F are 
smooth, then the graphs converge exponentially in the C°° - Topology to a hyper- 
surface of constant F-curvature. 

9. Stability 

In this section we want to prove the strict stability of the limit hypersurface, 
which means, that for curvature functions of class (D) the first eigenvalue of 
the linearization is strictly positive. 

First, we linearize the operator F. For this let Mq be a hypersurface, which 
satisfies 

(9.1) = c, 

where c is a constant (positive in case F is of class (K*) and arbitrary for 
F = H). Then there holds, see jl51 Lemma 3.9]: 

Lemma 9.1. Let Mq be of class C""+2'", m > 2, < a < 1, and satisfy (pi^) . 
Let hi be a tubular neighbourhood of Mq, then the linearization of the operator 
F expressed in the normal Gaussian coordinate system (a;") corresponding to 
hi and evaluated at Mq has the form 

(9.2) Bu -F'hi.j + {F'^h'lhkj + F^maf^jsv^x^v^x^jju, 

where u is a function on Mq and all geometric quantities are those of Mq- The 
derivatives are covariant derivatives with respect to the induced metric of Mq . 
The operator is self-adjoint, if F^^ is divergence free. 

We remind the definition of stability: 

Definition 9.2. Let N be Lorentzian, F a curvature operator, and M C N a 
compact, spacelike hypersurface, such that M is admissible. Then M is said 
to be a (strictly) stable solution to the equation (|9.ip , if the quadratic form 

(9.3) / F'^u,uj+ f {F'^h,kh';+F'^R^p^sv''x''^v^x]}}u' 

JM JM 

is (positive) non- negative for all u G C'^{M), u=k{). If is of class (D), i.e. F^^ 
is divergence free, then this is equivalent to the fact, that the first eigenvalue 
Ai of the linearization, which is the operator in (|9.2p . is non- negative. 
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In view of the assumptions on the ambient manifold N, in our case there 
holds 

Proposition 9.3. The limit hypersurface of the flow is strictly stable. 



In this section we want to derive some results for regions covered by constant 
i^-curvature surfaces, but first we are going to show that under suitable assump- 
tions we can provide such a foliation. To show the existence of a region covered 
by compact, connected, spacelike constant F-curvature hypersurfaces (such a 
hypersurface will be called CFC-surface from now on) we use however the cor- 
responding curvature flow with the volume preserving term substituted by a 
constant. The corresponding results can be found in fl4[ Theorem 4.2.1, The- 
orem 5.1.1 and Theorem 4.1.1], respectively for H, (72 and F G {K*). For the 
convenience of the reader we state the results from this Theorems: 

Theorem 10.1. Let N, F, T be as in section[J\ with m > 2, < a < 1. 
If c > is a constant and there exists a future and a past curvature barrier 
for (F,T,c) of class then there exists a compact, connected, spacelike 

hypersurface M of class (7™+2," satisfying the equation 



provided there exists a strictly convex function x G C'^(^); where Q, is the region 
between the barriers. In the case F = H we do not need the existence of the 
.strictly convex function. 

Using this theorem we can show the existence of a foliation in a region 
enclosed by barriers by following the arguments used to establish a foliation by 
constant mean curvature surfaces in [14, Theorem 4.6.3]. 

Theorem 10.2. Let N, F, T be as in Theorem HOI with m > 2, < a < I. 
Let ci < C2 be positive constants and suppose there exists a future curvature 
barrier for {F,T,C2) and a past curvature barrier for (F,T,Ci), both of class 
(jm+2,a^ and denote the region between the barriers by ft. If F is not the 
mean curvature, then we suppose in addition that there exists a strictly convex 
function x S C^(n). Let Mc-^, be the CFC-surfaces with F -curvature 

equal to c\ respectively ci. Then the region between M^^ and Mc2, which will 
be denoted by Nq, can be foliated by CFC-surfaces of class (7"»+2," ^^jj^ there 
exists a time function of class C™"^, such that the slices 



have F-curvature r. 

First we show the existence of the foliation, this is done in the following 

Lemma 10.3. Under the assumptions of Theorem MO.'A there exist CFC- 
surfaces Mt- of class (7''"+2," Jqj. each ci < t < C2 such that 



10. Foliation 



(10.1) 




(10.2) 



Mr = {x" = r}, ci < r < C2 



(10.3) 




Cl <T<C2 
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Furthermore the Mr can be written as graphs over So 
(10.4) Mr = graph u(r, •), 

such that u is strictly monotone increasing with respect to r and continuous in 
[ci, C2] X So- 

Proof. This follows as in [H', Lemma 4.6.2] by using Theorem llO.il the unique- 
ness of CFC-surfaces and the monotonicity of F for level hypersurfaces in a 
tubular neighbourhood around a fixed C-FC-surface. □ 



Now we can prove Theorem 1 10. 2 1 

Proof. We have to show that the i^-curvature parameter can be used as a time 
function, i.e., r should be of class (7™^^ with non-vanishing gradient. 

The regularity of r can be shown in an arbitrary coordinate system and it 
suffices to prove it locally. Let r' e (ci,C2) and consider a tubular neighbour- 
hood U — (—(5, S) X Mr' with S > around Mr' and the corresponding normal 
gaussian coordinate system of class (7™+!'"^ see [13l Theorem 12.5.13]. Then 
for small e > we have 

(10.5) MrCU Vr e (T'-e,T' + e), 

see the proof of the Lemma above, they can be written as graphs over Mr', 
Mr = graph u(r, •) and using the implicit function theorem we will show that 
u is of class C""^^: 

Let 5 > and s£N,0<s<m — 2, then we define the open subset 

(10.6) CI := y e C'+^^''{Mr') : \Ms+2,c.,m., < 6} 

of the Banach space C^+^'"(Mt-/), which is equipped with a norm induced by 
the induced metric of Mr'. If (/? € C| and S is sufficiently small, then graph ip 
represents a compact, connected, spacelike and admissible hypersurface, hence 
we can define the operator 

: (r' - e,T' + e) x Q ^ C^'"(A/.0, 

^ ■ ^ G^iT,^)^F{^)-T, 

where F{(p) denotes the F-curvature of graph fiM^, ■ 

We will show now that G" is of class C™^''^^, since F is of class C™. We 
want to express the operator F : C| -> C'''°'{Mr') as a composition of several 
mappings, for which we can prove the regularity needed, especially we want to 
be in a position to use Lemma llO. 51 below, i.e. we want to localize the operator 
F. From now on let s be fixed. 

First of all, let {Ui,(pi)i<i<k, fc € N, be a covering of Mr' by coordinate 
charts ipi : Ui —i' (li, Cli C open, such that there exist open, precompact 
subsets fti CC ili satisfying Ui=i = ^r'- Let C7i := (p~^{rii). Then 
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define the linear and continuous, and hence smooth, mapping 

k 

(10.8) fJl 

Next, for 1 < i < k we define the linear and continuous, hence again smooth, 
mappings 



(10-9) ... ^2 



y :C"^+2,a(n,) ^ C"'"(a;,R X M" x S) 
u M- (li, Du, D'^u), 



where S denotes the symmetric n x n-matrices and the derivatives are partial 
derivatives. Denote by 7 the map with components 7*. 

We denote by 77% 1 < i < A:, the function r/ from Lemma 17.41 defined on the 
corresponding set fi^ , thus it is the function representing the second fundamen- 
tal form for graphs over Mr' in the coordinate chart ({Ji, tfi). We note that rf 
is of class C™'", since it can be shown, by going through the proof of the tubu- 
lar neighbourhood theorem, that the Christoffel-symbols appearing in p.lOp 
through the equation hij — — are of class C*™-" in a tubular neighborhood 
of a hypersurface of class (7'"+2.a^ restrict if to the open set Cli x Xi, on 
which the i^-curvature is well defined (preimage of the open cone of definition) 
and define 

F' -.^i X X, R, 

(10.10) 

{x,z,p,r) f-^ F{r]'{x,z,p, r)). 

Let C"+2'"(n,,X,) and denote by c JlLi ^"''^^'"(^^'^^^^^"xS) 

the open subset with components belonging to B*^^ . Now we can apply Lemma 
110.51 to obtain that that the induced maps : B^^^ C*'"(f^i) are of class 
(^m-s-i remains to put these maps together to obtain the F-curvature of 
graph u defined on Mr' '■ 

Let (Ci)i<i<fc be a partition of unity subordinate to the covering (J7i)i<i<fc, 
and define 



(10.11) 



1=1 



As can be seen by an argumentation as in the previous steps, this map is of 
class and F as a map from C| to C^'°'{Mr') equals $ o 7 o ?/;, hence it 

is also of class completing this part of the proof. 

Now Lemma |9 . 1 1 implies 

(10.12) Z?2G^(r',0)^ = -F'V,, -f {Flh^hi + F^i?„/37^7."a:f 7.^x^3"'=}^, 
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where the geometric quantities appearing in this equation correspond to Mr'- 
Hence the elhptic Schauder theory imphes that the operator 

(10.13) D2G'{t',0) : C"+2'"(A'V) ^ C"''"(Af^O 

is an isomorphism and the implicit function theorem implies the existence of 
g (jm-s-i(^(^^i _Y^r' + Y),C^^'^'"{Mr')) for some small 7^ > 0, such that 
G^{T,u'{T,-))=O.Letj:= min 7^ 

0<«<m— 2 

We will show the regularity of u in a coordinate chart {ft, (j)) of Mr', where 
(j) is of class (7™+2>"^ fi qc Mt' is a domain and let ft' C (pi^) be a domain 
with a smooth boundary. Then we can define 

«-(t'-7,t' + 7)^C^+''"(0'), 

(10.14) 

which is then again of class C™"**"^. 

Furthermore for 0<s<m — 2we define the supplementary function 

X '-^ (X [x) : u H> u[x)) . 

Then x*"*"^ is of class C''+^'", where for a n-dimensional multi-index j3 with 
\(3\ < s + 2 there holds D^x = 77"+^''^, which is defined as 

,Q' _^ L(C^+2."(n'),M), 

^^^'^^^ X ^ i;rf+^'^{x) : u ^ DI^u{x)) . 

Finally, we consider the function 

u :(T'-7,r'-|-7) x O' ^- ffi, 

(10.17) 



which is well defined independently of s in view of the uniqueness of CFC- 

surfaces. Now let /3 be an n + 1-dimensional multi-index with |/3| < m — 1 and 
denote by (3 the last n components of /3. To be precise, at this moment we 
should also include an order of the elements of /3, which would correspond to 
the order of the partial derivatives to be taken, however the proof below still 
holds unchanged for ordered multi-indices. If /3i > then define s := m—1 — /3i 
and for /3i = define s := m — 2. Then D^u{t, x) exists and using the chain 
rule we see that D^u{t,x) = D^^x'^'^^i^) ° D^^u''{t) and hence is continuous. 
We conclude that u € C""-^((t' - 7, t' -|- 7) x M^'). 

Next we show that r has a non- vanishing gradient: Again in a tubular 
neighbourhood of M^/ we define the coordinate transformation 

(10.18) $(r, x') = {u{t, x'),x'). 
Then there holds 

(10.19) det£>i> = 5^ =u. 

OT 
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If we can show that ii is strictly positive then <i> is a diffeomorphism of class 
C^~^ and hence r has non- vanishing gradient. Now we observe that the CFC- 
surfaces in U satisfy the equation 

(10.20) FKt,.))=t, 

where the left hand-side can be expressed via (|3.9p . Differentiating both sides 
with respect to r, evaluating for t — t' and taking into account that u(r', ■) = 
in this coordinate system, we obtain the equation 

(10.21) - F'^ii,, + {FihThl + F^i?„^^5^^«xf = 1. 
Hence in a point, where ii attains its minimum, we can infer 

(10.22) {FiKhl + FlR^p,si^^xflv''xlg"^''}u > 1. 

Since the expression in the brackets is always positive, for this fact we refer 
again to the proof of Lemma 14.41 we conclude that u is strictly positive, com- 
pleting the proof of the Theorem. □ 

Remark 10.4. By looking at tubular neighbourhoods around and Afca 
we obtain new barriers as in the proof of Lemma 110.31 Hence the maximal 
region which can be foliated by CFC-surfaces of class (7™+^'" with positive 
_F-curvature is an open subset of N containing TVq and the time function in 
Theorem 110.21 exists on an open interval / = (01,02) with ai > containing 

[C1,C2]. 

We deliver the Lemma, which has been used in the above Theorem. 

Lemma 10.5. Let K = be a compact subset o/M", where D, is open, E,F be 
Banach spaces, X d E an open set and m G N, m > 2. Let G G C"^{K x X, F), 
then the map 

G:C^'P{K,X)^C^^P{K,F), 

U{-)^G{;U{-)), 

is of class C^n-k-i^ where keN,0<k<m,0</3<l. 

Proof. This follows from the proof in |1] Theorem VH.6.4] by using the conti- 
nuity result from ^ Theorem 2.1]. 

□ 



Next, we derive some results concerning the area and volume of hypersur- 
faces between CFC-surfaces. 

Remark 10.6. Now suppose C C iV is a cylinder, which can be foliated by 
CFC-surfaces Air, i-e. 

(10.24) C=\jMr, J=[C1,C2), 

TGJ 
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where < ci < C2 < 6, then the functions 

(10.25) T^\Mr\, 

(10.26) T^Vn+l{Mr), 



where the functions are defined on J. are strictly monotone decreasing and 
increasing respectively, where the latter follows from the monotonicity of CFC- 
surfaces. For the former let Mt-^, Af^-^ C C be two CFC-surfaces, T2 > ti. 
Then we choose the time-function from Theorem 110.21 and note that in this 
coordinate system the area is strictly decreasing in view of 

(10.27) ^^det(5.,(t,-)) = -Hyjdetig.j) < 0, 
where we used Lemma \2M Hence the statement. 

Now we can derive the following consequence of Theorem 11.31 

Proposition 10.7. Let N, F be as in Theorem \1.3\ with m > 2, < a < 1. 
Let M ~ graph u be a compact, spacelike, connected, admissible hypersurface 
in N of class C*'" satisfying for some < ci < C2 < cxd 

(10.28) ci < F|M < C2, 

and we assume there exist two CFC-surfaces Mc^ and of class C"*'" with 
F -curvature Ci respectively C2. Then there holds 

(10.29) < K+i(M) < K+i(M,J, 
and 

(10.30) < |M| < |M,J. 

Proof. This follows from Theorem 11.31 and the remark above. □ 
In a certain sense we can prove the converse of the above: 

Proposition 10.8. Let N, F be as in Theorem \1.3\ with to > 3, < a < 1. 

Let Mr = graph Ur be a CFC-surface of class (^'"+2:" with positive F-curvature 
r > 0. Then Air is the limit hypersurface of a non-trivial curvature flow, which 
preserves \Mr\ or Vn+i{Mr). 

Proof. We consider a tubular neighbourhood U — (—(5, 5) x Mr with 5 > 
around Mr and work in the corresponding normal gaussian coordinate system 
of class Furthermore, all hypersurfaces below will be considered as 

graphs over Mr, hence Mr — graph 0. For (5 > let 

(10.31) Cs := {u e C'"+i'"(AfO : ||^^||™+i,a.M. < S}, 

an open subset of C™+^'"(Af^). Again we choose S > small enough, such 
that, for u S C5, graph u represents a compact, connected, spacelike and 
admissible hypersurface contained in U. Furthermore we can use Mr without 
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loss of generality as the reference hypersurface in the definition of the volume, 
i.e. Vn+i{Mr) = 0. Now define the following functionals: 

V -.Cs xR^R, 

{u,s) i-> K+i (graph u) - s 



(fO.32) 
and 

A -.Cs X 

(fO.33) 



(m, s) I— >■ Igraph u\ — s — jgraph 0|. 

Both functionals are continuously differentiable, V as well as A vanish at (0, 0) 
and they satisfy D2V = —1 and D2A = —1. Hence we can apply the implicit 
function theorem to obtain an open (and, without loss of generality, connected) 
neighbourhood U C Cs of and a function tp e C^(J7, R), such that 

(fO.34) V{u,ip{u)) = yueU, 

respectively 

(10.35) A{u,ip{u))=0 yueU. 

Since the volume and the area are strictly monotonically increasing and decreas- 
ing respectively in the tubular neighbourhood, see p0.27p . in every arbitrarily 
small neighbourhood of in Cs there are compact, spacelike, connected, ad- 
missible hypersurfaces with bigger and smaller volume respectively area than 
Mr, hence (^~^(R+) and iyj~^(K_) are both nonempty. 

We conclude that the set B := (p^^{0) — {0} is nonempty, for otherwise the 
connected set U := U — {0} is identical to (p^-'^(M_|_) U (p^"'^(M_), which is a 
contradiction to the connectedness of J7, since the latter two sets are open in 
view of the continuity of if. 

Hence we obtain a starting hypersurface of class (7™+i."^ which, when S 
was chosen small enough, fulfills also the barrier requirements, see the proof of 
Lemma [10.31 Now, since m > 3, we can apply Theorem 11.31 to complete the 
proof. □ 



11. Short time existence 

Short time existence for the flow without a global, time-dependent force 
term is well known, see for example [14t Chapter 2.5]. The method employed 
there is to show first short time existence via the inverse function theorem for 
a scalar evolution equation (evolution of the graphs) and then using existence 
results for ordinary differential equations one obtains the desired short time 
existence for the flow. 

We will use a modification of the proof from [TT and a fixed point argument 
as in [21J to prove the short time existence for the fiow with a global force term. 

Theorem 11.1. The equation p.ip has a solution of class (Qe), 
where — [0, e) x M and e is a small constant. 
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Proof. Let Mq := graph uq, then we will show the existence of a solution 



u 



g ij4+a.l±2i^gj ^j^g equation 



(11. Ij at ot 

u{0) = Uq, 

on a cylinder :— [0,e) x Sq for a small e > 0. 

G is defined and elliptic for functions u belonging to an open set A C C^(5o), 
which corresponds to the hypersurfaces being admissible: 

(11.2) G'\x,u,Du,D^u) <0. 

Once the existence for the scalar equation is shown, the arguments in |14[ 
Chapter 2.5] can be applied to yield the short-time existence for the parabolic 
system (|l.ip . 

First of all we note, that there exist eQ,6 > 0, such that the modified problem 
du 

(113) 'dt ~^ ^^"-^ ^' 

u(0) = uo, 

where we have substituted / by a function h E C^'"^ ([0, eo]) and h satisfies 
(11-4) \\h~f{0)\k^,Q,^<S, 

has a unique solution u £ (Q^^) with a uniform bound 

(11-5) l|w|l4+a,i±ii,Q.o < C= c(||Mo||4+a,eo,'5,/(0)). 

In view of the standard parabolic estimates, see [141 Theorem 2.5.9], it is 
sufficient to show the existence of a solution u £ H^'^^'^~ (Q^^,) to (|11.3[) for 
some < /3 < a and the uniform bound in the corresponding norm. 

The existence and the necessary estimate is shown using the inverse function 
theorem in a similar manner as in [141 Chapter 2.5], but using the operator 

(11.6) *(u, h) = {u + G{x, u, Du, D'^u) + g[x, u, Du)h[t), w(0), h), 
which is well defined in an open subset of i/2+/3,4^(Q^) X Ci't([0,e]) with 
image in [H^'^iQ,) x H'^+l^{So)) x Ci't([0,e]). 

We remark that the uniqueness of the solution to the modified problem fol- 
lows as in the time-independent case by the parabolic maximum principle. 

To prove short time existence for the problem (jll.ip . define the following 
closed and convex set: 

(11.7) M,5:={/ieCi't([o,e]):||/i-/(0)||i^. <5}. 

For h E M^,s, < e < eo, 5 as above, denote by Uh a solution to (|11.3p and set 

(11.8) J,,^ <^Hk dfit 

fi I — y 
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where the quantities on the right hand side are those belonging to the solution 
Uh to the problem (jll.Sp . We will show that in fact T maps M^.s into itself if 
e is small enough and furthermore T is a compact map, hence maps bounded 
to precompact sets. The existence of a solution to then follows from the 

Schauder fixed-point theorem. 

The essential fact to prove this, is that we have uniform bounds on in 
H^+"'^{Qe). It follows that Th is uniformly bounded in C^'^{[0,e]), i.e. 
there exists a constant cq independent of h € M^^s-, such that 

(11.9) <co. 

This can be shown by differentiating Th once with respect to t, applying par- 
tial integration on terms of the form iiij and then reminding the definition 
of the parabolic Holder spaces. The only critical terms are then of the form 
if{x^u,Du,D'^uy^^^UijkUi: hence the claimed Holder exponential. 

The boundedness of Th in C^'~5- ([0, e]) implies the compactness of T and 
by a simple argument it also shows, that T maps M^^s into itself for small e: 

(11.10) \^Th{t) - ^Th{t')\ <Co\t-t'\^ <coe^|i-i'|t <5\t~t'\^. 

The C^-norm can be estimated in the same way by noting that Th{0) — /(O) 
and for the C^-norm we can use the interpolation inequality (|8.17p . This com- 
pletes the proof of the short time existence. □ 

We conclude this section by showing that the solution is unique, where we 
remark that this can not be shown as usual by using the maximum principle, 
in view of the presence of a global term. One rather has to use the idea of 
uniqueness for weak solutions. 

Proposition 11.2. The solution to the scalar flow equation is unique in the 
class H'^+"^^. 

Proof. Let u,u be two solutions of class in — [0,e) x Sq of an 

equation of the form 

B{x,u, Du, D^u) da 

/1 1 1 1 ^ ^ + ^ + 9{x, u, Du)-^^ — = 0, 

(11.11) jg^b{x,u,Du,D^u)a<7 



u 



(0) = uo, 



where for simplicity all functions are supposed to be smooth (the regularity we 
imposed is also sufficient) and > 0. This equation corresponds to p.l3p and 
it suffices to show uniqueness to this equation. Let 

(11.12) ip:=u~u. 

If e is sufficiently small, then the convex combination 

(11.13) Ur = TU + {I - t)u, re [0,1], 
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belongs to the open set A, see the above proof for the notation, hence G is well 
defined for the convex combination. By using the main theorem of calculus we 
deduce that satisfies the following equation 

(11.14) If = a^'^ipij + b'\pi + cLp + d j (^a'^iptj + b^ipi + da, 

where all the coefficients have bounded derivatives and a'-' is uniformly elliptic 
with ellipticity constant cq. We multiply this equation by 2(^, then we integrate 
over 5o and obtain, after using partial integration, the binomial formula and 
the Schwartz-inequality, 

(11.15) j^M\l ^jj^^'da< c\Ml + e\\D^\\l - co\\D^\\l 

where e > is the constant chosen in the binomial formula yielding the in- 
equality 

(11.16) ab<ea'^ + —, 

and c = c(e, ||w||4_|_„ 1+^, ll^^lU+a i+^)- Choosing e < cq we deduce that there 
holds for /i = /i(i) = if^lli 

h < ch, 
h{0) = 0. 



(11.17) 



A comparison principle for ordinary differential equations implies h = 0. In 
view of the continuity of (p, this yields the desired uniqueness. □ 
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